Abstract. A unital Fréchet algebra A is called contractible if there exists an element d ∈ A⊗A such that π A (d) = 1 and ad = da for all a ∈ A where π A : A⊗A → A is the canonical Fréchet A-bimodule morphism. We give a sufficient condition for an infinite-dimensional contractible Fréchet algebra A to be a direct sum of a finite-dimensional semisimple algebra M and a contractible Fréchet algebra N without any nonzero finite-dimensional two-sided ideal (see Theorem 1). As a consequence, a commutative lmc Fréchet Q-algebra is contractible if, and only if, it is algebraically and topologically isomorphic to C n for some n ∈ N. On the other hand, we show that a Fréchet algebra, that is, a locally C * -algebra, is contractible if, and only if, it is topologically isomorphic to the topological Cartesian product of a certain countable family of full matrix algebras.
It is well known that in the finite-dimensional case, a complex algebra is contractible (separable) if, and only if, it is a semisimple algebra [7] . An infinitedimensional contractible Banach algebra has yet to be found. In the Fréchet algebra case, there exist some infinite-dimensional contractible algebras. Hence, it is very important to study contractible Fréchet algebras, which are useful as a class of topological algebras. We begin by introducing the concept of Fréchet modules, and we recall some results on projective Fréchet modules. Later, we prove some results concerning a class of contractible Fréchet algebras.
A Fréchet space is a complete metrizable locally convex complex space. An algebra A will be called a Fréchet algebra if A is a Fréchet space with jointly continuous multiplication. For any two spaces X and Y , we write X⊗Y for the completed projective tensorial product [3] . Let A be a unital Fréchet algebra. Following ( [4] , [5] ), we define a Fréchet left A-module X to be a Fréchet space that is also a unital left A-module such that the linear map A⊗X → X, a ⊗ x → ax, is continuous. Right modules are defined analogously. A Fréchet A-bimodule is a Fréchet space with structural A-bimodule such that the linear map A⊗X⊗A → X, a⊗x⊗b → axb is continuous. A Fréchet A-bimodule X is said to be projective if the canonical morphism π X : A⊗X⊗A → X has a right inverse Fréchet A-bimodule morphism. A morphism τ in the category of Fréchet modules is called C-split if its kernel and its image both have a direct complement as Fréchet subspaces.
Proposition 1 (see [4] Definition. A unital Fréchet algebra is said to be contractible if it has a diagonal element.
The algebra M n (C) of all n × n complex matrices has a diagonal and thus is contractible. Its diagonal is the element 1 n e ij ⊗ e ji where (e ij ) 1≤i,j≤n is the canonical base. A finite-dimensional and semisimple algebra is contractible, and it is isomorphic to the direct sum of a certain finite family of full matrix algebras. It was frequently asked in [4] if every contractible Banach algebra is a finite direct sum of full matrix algebras. Now consider the algebra C N of all infinite sequences of complex numbers under coordinate-wise multiplication with the canonical base (e i ) i≥0 . It is an infinite-dimensional, semisimple and contractible Fréchet algebra.
δ ij e i ⊗ e j is its diagonal, where δ ij is the Kronecker delta. Moreover, a Cartesian product of any family of full matrix algebras is contractible. Notice that all examples here are semisimple.
Question 1. Is every contractible Fréchet algebra semisimple?
In fact, the converse is false: The algebra C ∞ [0, 1] is a unital semisimple Fréchet algebra but it is not contractible (see Theorem 2) . In the terminology of homological algebras, a contractible (separable or finite-dimensional semisimple algebra) algebra A means that A is a projective A-bimodule. The following result is an adaptation of this. 
Proposition 2 ([4]). For a unital Fréchet algebra

Proposition 4 ([4]). Let I be a closed two-sided (or left) ideal in the contractible Fréchet algebra. If I is complemented in A as a Fréchet subspace of A, then there exists in A another closed two-sided (or left) ideal J such that
Remarks. Let A be a contractible Fréchet algebra. Then:
1. Obviously, for every finite-dimensional two-sided ideal (or left) I of A, there exists a closed two-sided (or left) ideal J such that A = I ⊕ J.
2. It is clear that every finite-dimensional minimal two-sided ideal (respectively left ideal) is isomorphic to a simple Fréchet A-bimodule (respectively left module).
3. Finally, every finite-dimensional two-sided ideal (respectively left ideal) is a direct sum of minimal two-sided ideals (respectively left ideals). Now let N = {a ∈ A : aI = 0, for all finite-dimensional left ideals I}. Then N is a closed two-sided ideal. 
Proof. 
Corollary. Let A be a contractible Fréchet algebra such that every maximal left ideal is finite codimensional. Then N = Rad(A). Moreover, if A/N is a finitedimensional algebra, then A is a finite-dimensional semisimple algebra.
Proof. Let a ∈ N , and let R be a maximal left ideal. Since R is a finite-codimensional left ideal, there exists a finite-dimensional left ideal J such that A = R⊕J. Write a = ae R + ae J where e R and e J are the components of the identity. Since ae J = 0, a ∈ R. Therefore, a ∈ Rad(A) and so, N ⊆ Rad(A). By the first statement of Theorem 1, we have N = Rad(A). If A/N is finite-dimensional, then using statement (2) A Fréchet algebra A is called an lmc Fréchet algebra if its topology is induced by a separating directed set of algebra seminorms ( i , i ∈ I) (see [8] , [9] ). It is called a Fréchet Q-algebra when its group of invertible elements is an open set.
Proposition 5. If A is a contractible commutative lmc Fréchet Q-algebra, then
A/N is a finite-dimensional algebra.
Proof. In this situation (see [11] ), every character (or complex homomorphism) χ : A → C is continuous and its kernel is a (closed) finite-codimensional maximal ideal. Moreover, every maximal ideal is the kernel of a character. We denote by X A the set of maximal ideals in A with Gelfand topology (if x ∈ A and M = ker χ ∈ X A where χ is a character, setx(χ) = χ(x). The Gelfand topology is the weakest for whichx is continuous on X A ). Then X A is a compact set. Notice that A/N is also a contractible lmc Fréchet Q-algebra (see Proposition 3 and [11] ). For each J in
c . Then A = I + R. Put e = i + r with i ∈ I and r ∈ R. Note that e = e I + e J with e I ∈ I and e J ∈ J. Then e J = ie J + re J . Since ie J = 0, we see that e J ∈ R. Therefore, J ⊆ R, and so J = R. It is easy to see that J ∈ hull(I) c . Then for each J in X A/N , {J} is an open set. Since X A/N is compact, it is a finite set. On the other hand, we can see, as in the proof of the corollary , that N = Rad(A). Therefore, A/N is a semisimple commutative lmc Fréchet Q-algebra with finite Gelfand spectrum. It is necessarily a finite-dimensional algebra. A Fréchet locally C * -algebra is an lmc Fréchet algebra with its topology induced by a countable separating directed set of algebra C * -seminorms ( n , n ∈ N).
Theorem 3 ([2]). A Fréchet locally C * -algebra A is contractible if, and only if, it is topologically isomorphic to a topological product of full matrix algebras.
Proof. It is clear that a locally C * -algebra A isomorphic to a product of a family of full matrix algebras, has a diagonal, and so, it is contractible.
Conversely, let A be a contractible locally C * -algebra. Note that A is the inverse limit of a countable system of C * -algebras (A n , n ∈ N) (see [6] and [9] ). By Proposition 3, each A n is a contractible C * -algebra. Using [10] , A n is finitedimensional and so, it is isomorphic to a finite direct sum of certain full matrix algebras kn∈Fn M kn (C). Put σ = F n . Using This completes the proof.
